An exact analytical solution of the decaying wave function of two identical noninteracting particles, which are entangled by spatial symmetry, is used to analyze the effect of the resonance spectra in the propagation of the decaying probability density outside the interaction potential region. We find, using exactly solvable problems, that a usual approximation that considers the two resonance levels associated with the initial states, is affected substantially in the case of sharp high energy resonances by disrupting the pure exponential decaying regime exhibited by the two resonance level approximation, whereas for broad high energy resonances, we find that the probability density profile is well described by the two resonance approximation. *
I. INTRODUCTION
In recent work it is shown rigorously, using the analytical properties of the outgoing Green's function for single particle potentials that vanish exactly beyond a distance, that the non-Hermitian formulation using resonance states and the Hermitian formulation in terms of continuum wave solutions to the time dependent Schrödinger equation for tunneling decay, yield identical numerical results [1] . See also [2, 3] . The above refers to the dynamics of a class of open quantum systems that deal with the full Hamiltonian to the system in which a particle initially confined within an interaction region decays by tunneling to the outside. This should not be confused with approaches where the Hamiltonian is separated into a part corresponding to a closed system and a part responsible for the decay which usually is treated to some order of perturbation theory, as in the old work by Weisskopf and Wigner to describe the decay of an excited atom interacting with a quantized radiation field [4] , that has become a standard procedure in some decay problems where perturbation theory may be justified.
Artificial quantum systems at the nanometric scale provide interesting examples of decay
of open quantum systems, as electronic decay in double-barrier resonant tunneling semiconductor structures at low temperatures [5] and the decay of ultracold atoms initially confined by light [6] . The formalism of resonance states has been used to investigate the conditions for nonexponential decay in these systems [7, 8] .
In particular, studies involving ultracold atoms have opened the way to study the decay of an arbitrary number of atoms. In particular, for two atoms, one may control the interaction strength between the atoms to reach the limit of no interaction between them. These may allow to study the decay of identical non interacting atoms entangled by spatial symmetry.
In recent work, García-Calderón and Mendoza-Luna showed, using the formalism of resonant states, that the survival and nonescape probabilities for non interacting identical entangled symmetric and entangled antisymmetric initial states evolve in a distinct form along the exponentially decaying and nonexponential regimes [9] . These probabilities, however, are defined within the potential interaction region both for single and two particle decay, as reviewed in [15] , and hence omit the relevant case of propagation of decaying particles beyond the range of the potential.
In this work we investigate the probability density for decay of two identical entangled particles by spatial symmetry as they propagate along the external region of an interaction potential. In particular we address the issue of the effect of the resonance spectra in the time evolution of the decaying probability density.
The paper is organized as follows. Section 2 reviews briefly the time evolution of decay of a single particle. Section 3 deals with the decay of symmetric and antisymmetric identical particles and shows that it may be expressed in terms of combinations of single particle decaying density probabilities. Section 4 discusses some model calculations, and finally, section 5 presents some concluding remarks.
II. DECAY OF A SINGLE PARTICLE
In this section we briefly recall the relevant points of the derivation of the decaying wave solution for a single particle confined initially, at t = 0, along the internal region of a real spherically symmetrical potential that vanishes beyond a distance, i.e., V (r) = 0 for r > a.
We choose the natural units = 2m = 1 and for simplicity of the description we refer to s waves. Hence, the solution to the time-dependent Schrödinger equation, as an initial value problem, may be written at time t > 0 in terms of the retarded Green's function g(r, r ; t) of the problem as [10] ,
where Ψ(r, 0) stands for the arbitrary state initially confined within the internal interaction region. Since the decay refers to tunneling into the continuum, for the sake of simplicity it is assumed that the potential does not possess bound nor antibound states. It is convenient to express the retarded time-dependent Green's function in terms of the outgoing Green's function G + (r, r ; k) of the problem. Both quantities are related by a Laplace transformation.
The Bromwich contour in the k complex plane corresponds to a hyperbolic contour along the first quadrant that may be deformed to a contour that goes from −∞ to ∞ along the real k axis,
This allows to make use of the resonant expansion of the outgoing Green's function [10] G + (r, r ;
where the notation (r, r ) † means that the point r = r = a is excluded in the above expansion (otherwise it diverges) and the set of functions {u n (r)} refer to the resonance states to the problem, which are obtained from the residues at the complex poles {κ n } of the outgoing Green's function that also provide its normalization condition [10, 11] ,
Resonance states satisfy the Schrödinger equation of the problem [κ 2 n − H]u n (r) = 0 with outgoing (radiative) boundary conditions u n (0) = 0, [du n (r)/dr] r=a = iκ n u n (a). The complex energy eigenvalues are κ 2 n = E n = E n − iΓ n /2, where E n stands for the resonance energy of the decaying fragment and Γ n stands for the resonance width, which is related to the lifetime as, recalling that = 1, τ n = 1/Γ n . The lifetime of the system is defined by the longest lifetime. The complex poles κ n = υ n − iγ n are distributed along the third and fourth quadrants of the complex k plane in a well known fashion [12] .
One should note that for r < a and r ≥ a one may write G + (r, r ; k) as [1, 10] ,
The above expression permits to get a resonance expansion for G + (r, r ; k) which is valid along the external region of the interaction. On the other hand, it is easily shown that the representation of G + (r, r ; k) given by (3) satisfies the closure relation [1, 10] ,
The above results allows us to write the decaying time-dependent wave function as [1, 10] ,
where the coefficients C n are defined as,
and the functions M (y n ), the so named Moshinsky functions, are defined as [10] M
where
and the function w(z) = exp(−z 2 )erfc(−iz) in (9) stands for the Faddeyeva or complex error function [13] for which there exist efficient computational tools to calculate it [14] . The argument y • n of the functions M (y 0 n ) in (7) is that of y n given by (10) with r = a, namely,
Assuming that the initial state Ψ(r, 0) is normalized to unity, it follows from the closure relation (6) that,
Equation (12) indicates that Re {C nCn } cannot be interpreted as a probability, since in general it is not a positive definite quantity. Nevertheless, one may see that it represents the 'strength' or 'weight' of the initial state in the corresponding resonant state. One might see the coefficients Re {C nCn } as some sort of quasi-probabilities.
The solution Ψ(r, t) for r ≤ a, given by the first equation in (7), is the relevant ingredient to calculate the survival and nonescape probabilities, as discussed in [1, 2, 10] . For r ≥ a, the solution Ψ(r, t), given by the second equation in (7), describes the propagation of a single decaying particle along the external region. This has been discussed in [1, 3, 10] .
III. DECAY OF TWO IDENTICAL NONINTERACTING PARTICLES
For identical non interacting particles, it is well known that the Hamiltonian H must be symmetric under the permutation of the indices of the particles so the exchange operator and H necessarily commute. It is enough to impose the appropriate symmetry or antisymmetry conditions on the initial state Ψ(y 1 , y 2 , 0) since symmetry is conserved as time evolves. As a consequence, the time evolution for decay of two identical particles may be written as,
A simple choice corresponding to a symmetric state, is given by the product of single particle states ψ α (y 1 , 0) and ψ α (y 2 , 0), with α denoting the corresponding initial state,
Substitution of (15) into (14) allows us to write the decaying factorized symmetric state as a product of two evolving single particle decaying states,
Using (7) one may write the resonance expansion for Ψ(r 1 , r 2 , t) as,
where C n,α , with n = p or q, is given by,
For different initial states for each particle, it follows from the Pauli Principle that initial two-particle state must consist of a linear combination of single-particle states corresponding to the symmetric and antisymmetric combinations. Denoting by ψ s (y 1 , 0) and ψ s (y 2 , 0) the initial states, with s = α or β, one may write,
where respectively, the plus sign refers to entangled symmetric and the minus sign to entangled antisymmetric states. It follows immediately that the corresponding time evolved state reads,
Then, using (7) one may write the two-particle decaying wave function as
where the coefficients C n,s with n = (p, q) or s = (α, β) may be figured out from (18). It is worth recalling that the coefficients {C n,s }, which involve only single-particle states, fulfill the relationship [10] Re ∞ n=1 C n,sCn,s = 1.
In the above expressionC n,s is defined as (18) with ψ s (y) substituted by ψ * s (y). Hence for real initial states,C n,s = C n,s .
The two-particle solution given by the first equation in (21) permits to calculate the corresponding two-particle expressions for the survival and nonescape probabilities [9, 16] .
The situation described by the second equation in (21), which may be used to obtain the probability density where one particle remains within the interaction region whereas the other propagates along the external region of the interaction is, since both particles decay, presumably a very small quantity. In any case, here we shall be concerned with the situation provided by the last equation in (21) to obtain the probability density where both decaying particles propagate along the external region of the interaction.
IV. MODELS
In this section we consider the s-wave delta-shell potential and the double barrier resonant potential to illustrate the profile of the probability density for two identical non interacting decaying particles as a function of time and fixed values of the corresponding positions. In particular, we are interested in how the resonance spectra affects the profile of the probability density.
A. Delta-shell potential
The delta-shell potential is defined as,
where λ stands for the intensity of the potential and a for the radius. We model the initially confined state by a given infinite box state, Ψ(r, 0) = 2 a sin qπ a r , q = 1, 2, 3...
The resonance solutions to the problem with complex energy eigenvalues κ 2 n = E n − iΓ n /2 read,
where κ n = υ n − iδ n . From the continuity of the above solutions and the discontinuity of its derivatives with respect to r (due to the δ-function interaction) at the boundary value r = a, it is obtained that the set of κ n 's satisfy the equation, 2iκ n + λ(e 2iκna − 1) = 0.
(26)
For λ > 1 one may write the approximate analytical solutions to Eq. (26) as [10] κ n ≈ nπ
Using iterative procedures as the Newton-Rapshon method, one may obtain the poles κ n with the desired degree of approximation. It is worth noticing that as the intensity of the potential (12), is of the order of unity. We choose the potential parameters λ = 100 and a = 1. As time evolves we observe a buildup of the probability density characterized by resonance peaks that are due to high resonance contributions until it reaches the highest peak which corresponds to the dominating contribution that arises from the resonance term with n = 1 in the second equation of (7) . This is corroborated by the fact that the highest peak is given by t 1 ≈ r/2υ 1 , which follows by inspection of the argument (10) of the Moshinsky function. As time evolves further, the probability density mimics the behavior of the survival or nonescape probabilities. There is a regime of exponential decay which is followed by the seems to be a common feature of the propagating solutions. This is not so along the internal interaction region [9] . Essentially the symmetric and antisymmetric quantities differ in the valley region between the two broad peaks and in the corresponding asymptotic behavior at long times. It turns out that the symmetric state goes as t −6 and the antisymmetric one as t −10 , as obtained along the internal region [9] . Comparison of figures 1 and 2 suggests that the two broad resonance peaks are related to the decay of the particles in the initial states α = 1 and β = 6. This is corroborated by calculating the corresponding peak valu in time domain for the state α = 1, t 1 1 = r 1 /2υ 1 , and for the state β = 6, given by t 2 6 = r 2 /2υ 6 . Further inspection of figure 2 suggests that the resonance peaks in time domain that seem to disrupt the decaying part of the first broad peak correspond to high energy resonances of the system. This is further corroborated by figures 3 and 4, which display the plot of the ln[|Ψ α,α (r, t)| 2 ] as a function of time in lifetime units for a symmetric state with α = 1 with r 1 = 3000 a and r 2 = 5r 1 . In figure 3 both states correspond to α 1 , namely, (24) with q = 1. One sees two broad peaks, one peaked at t 1 1 = r 1 /2υ 1 and the other at t 2 1 = r 2 /2υ 1 . In fact in lifetime units t 1 1 = 5.73 with and t 2 1 = 28.68 with υ 1 = 3.11052 The lifetime is τ = 82.058. The probability density is larger around these peaked values. On the other hand, figure 4 refers to the same system with the contribution of 1000 resonance poles. One sees that a number of peaks that arise from higher resonance terms at t 2 2 , t 2 3 and t 2 4 , disrupt the exponential decaying regime corresponding to the first broad peak. In lifetime units these times are given by: t 2 2 = 14.34, t 2 3 = 9.56 and t 2 4 = 7.17. The corresponding υ's read:υ 2 = 6.2213, υ 3 = 9.3325,υ 4 = 12.4444.
B. Double barrier system
The delta potential in general corresponds to a situation that involves many sharp isolated resonances poles, namely, υ n δ n . It is good model in systems with these characteristics.
However, there are systems with just a few sharp resonances, may be two, which refer to particles trapped by barrier of finite height, where the high energy resonances are not trapped and hence are broad and presumably overlapping. A model with these characteristics is a double barrier with a well in between. The calculation of the complex poles have been discussed elsewhere [7] and there is no space to present it here. It follows a procedure analogous to the previous model. It should be noted that since the potential is one dimensional, the normalization has an additional term.
As in the previous two figures, our aim is to make a comparison with a situation where the The Since there are only two resonance states, it is not surprising to obtain a profile for the decaying probability density similar to that in figure 3. However, in contrast to figure 4, the many resonance calculation, up to 50 states presented in figure 6 remains almost identical to that involving just the two sharp resonances situated below the barrier heights. In this case, in lifetime units t 1 1 = 7.0 and t 1 2 = 35.0. The corresponding pole is υ 1 = 2.3725 and the lifetime τ = 18067.23. The above result seems to imply that broad overlapping resonances do not play a relevant role in the profile of the decaying probability density for two particles.
V. CONCLUDING REMARKS
We find of interest the result that a multilevel sharp resonance spectra may disrupt the exponential decaying regime which occurs in the case of a multilevel broad resonance spectra. Recent experiments involving ultracold gases [6] may be used to test this novel nonexponential behavior in the time evolution of decay of identical noninteracting particles.
Another result worth noticing is that symmetric and antisymmetric states evolve almost identically except in the small valley region between the two broad peaks related to the initial resonance states and in the long time asymptotic regime.
